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Today

e Transformations & Matrices
e Quaternions
e Exercise 08




Transformations

x
General Affine Linear Rigid
T (x) Az Az +b
| / | A—l _ AT
ansormaton sewell | det(a) =1




Transformations

e Homogeneous Coordinates
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e Why? Represent translation using matrix
multiplication




Transformations

Rotation
Translation
Scaling

Order matters!
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Transformations

e Order matters!
e Rotate and translate
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Transformations

e Order matters!
e Translate and rotate
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Object to Camera

Example : Object to World to Camera
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From the Lecture

Rotation

Translation
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From the Lecture
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From the Lecture
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Quaternions

Sir William Rowan Hamilton

Was trying to extend the notion of complex numbers to 3D
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P’ = (—1,2i)

Quaternions

Euler’s Identity

P=2+i m 4
i em’=C05q)+isintp
P'=P x(0+1i)

=Q2+i)*x0+10)
=2i+i?=2i—1

sin @

> P = (-1,20)

What is the factor for a 45° rotation?
2> (1+1i) (vector length changes!)




Quaternions

Early attempts

1 dimension a
2 dimensions a + b

So... 3dimensions a-+ib+jc ‘=% =—1

Problem
z1 = a1 +1ib1 + jcr
Zo = a9 + 1by + jco

z1z; = B+ i+ jH ({0 +({jm

ij =7 §i =7 ij = ji?




Quaternions

ldea : extend the triple into a 4-uple

Zz =a-+1ib+ jc+ kd
With

i’=j*=k*=—-1 and ijk=-1

7 is called a quaternion




Quaternions

A few intuitive properties :

a1 +1b1 + je1 + kdy = ao + ibs + jeo + kdo




Quaternions

A few intuitive properties :

a1 +1 by +7 ¢ + k dy
i as —+1 bo + 7 co +k do

(a1 + a2) + (b + b2) + j(c1 + c2) + k(dqr + d2)




Quaternions

A few intuitive properties :
q=a+1ib+ jc+ kd

The magnitude is defined by

lall = Va2 + b2 + ¢ + d?

Unit form of a quaternion
q

lall




Quaternions

Warning : a quaternion should not be seen as a vector !
Zz=s+ix+jy+kz=s+v

scalar vector




Quaternions

A quick exercise!

Z1 = S1 + V1 Zo = So + Vo

Prove that
Z1Z2 — S1S2 — V1 V2 + §1Ve + S9V] + V1 X Vo

Hint: Write the quaternions in the form q =a + b+ jc + kd




Quaternions

217429 :[8182

—[V1 - Va]+[81Vo|+(saVvi]+H[V1 X Vg
- - = A= ' (in general)
—([va - viH[sovi H(s1Val+[ve X vy

7271 =(5251
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Quaternions

Conjugate

Z=8+V Z—=8—V
Exercise:

Compute ZZ = ||z||”

1 Z

© T =P 1 =2z




Quaternions

Fun math, but why talk about it in a CG class?

Point in space P - .
Rotate by ¢ around u

p:

S v e 8

R(u,0) =
u2 + cos (1 — u?) uzty (1 —cosf) —uysinf  uzu, (1 — cos) — u,sin b
Ugpy(l — cosf) —u, sind uz 4 cos (1 — u?) Uyt (1 — cos @) — uy sinf
Ugpty (1 —cosf) —uysin®  uyu,(l —cosf) —uysiné u? + cos 0(1 — u?)

0 0 0

_ o O O




Quaternions

Fun math, but why talk about it in a CG class?

New version :

T

P =|z,y,2z]° —> Quaternion p =0+ iz + jy+ kz

Rotation : Quaternion q = cos(6/2) + sin(6/2)u

' =apq !

q ! = cos(0/2) — sin(6/2)u




Quaternions

P =10,1,1]" u=1[0,1,0" 0 =m/2

p=0+i04+j+k q = cos(m/4) + sin(m/4)(0 4+ i0 4+ 7 + kO)

Py

q ' = g(l )

p'=apq ' =i+ [P’ = [1,1,0]T]




Quaternions

e \WWhy use quaternions?
— Efficient implementation

— Easy interpolation
— No Gimbal lock

e Translation is simple addition

e Rotation representation super easy

Any question so far?




Exercise 08

e Theoretical Part

From the Lecture

— Remember this?




Exercise 08

e Theoretical Part

— Remember this? Transforming Normal Vectors
— And this? * How to transform a normal when p’ = Mp
. Current normal
- n=(A B C D)
Transformed normal
n=M"')"n
(Hint: the ptane is given by nTp =0)
ETHzurich e




e Practical Part

controls:
camera move
camera rotat
object move
object rotat
auto-rotate
move light

light position:

-50,50,20

: AD/WS

QE or leftclick + drag
arrows

shift + leftclick + drag
: space

: JL/UO/IK

Exercise




Exercise 08

e Practical Part

— Construct the view
matrix and model matrix

— Add functionality for
transformations from
key events

Transformations in OpenGL

* ModelView Transform
— Stage 2: World to camera coordinates

. y Default in OpenGL:

left up —dir eye ey | | wy left=(1 0 0 )l

0 0 0 1 c: .
1

W up=(0 1 0)"
l .
dir=(0 0 -1)”
Eye (Camera) World -
Coordinates ~ Coordinates eye=(0 0 0)
ETHzirich ~




Questions?

nikolak@inf.ethz.ch
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