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• Brightness constancy equation

• Aperture problem

• Solution: 
– regularize (trade-off brightness constancy and smoothness)

– e.g. Kanade-Lukas-Tomasi

Last lecture: Optical Flow

0  =++ tyx IvIuI

(2 unknowns)

(1 constraint) ?

isophote I(t)=I

isophote I(t+1)=I



MPEG-4 part 10 aka H.264
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Medical Imaging

• 2 forms - radiation source:
– outside the body: X-ray, ultrasound
– inside the body: magnetic resonance imaging (MRI), 

positron emission tomography (PET), single photon 
emission computed tomography (SPECT)



Medical Imaging

• 2 forms - radiation source:
– outside the body: X-ray, ultrasound
– inside the body: magnetic resonance imaging (MRI), 

positron emission tomography (PET), single photon 
emission computed tomography (SPECT)

• Computed Tomography (CT)
– 1917 - mathematical basis - Johann Radon 

– 1960s - Cormack & Hounsfield - 1st 

scanning device

-> Nobel prize



Motivation

Computed 
Tomography

[tomography <- Greek work tomos meaning "cut" or "slice"]



CT: data collection

CT basic principle:
Quantification of the tendency of objects to absorb 
or scatter x - rays given by the optical density of the 
material measured in terms of attenunation 
coefficient



CT: Imaging setup



Acquisition geometry

400 - 1000 

elements

40° - 60°

( d ) Helical (spiral) CT - cone beam geometry moving around the object in a spiral manner



X-ray tube

gantry rotation

X-ray 
detectors

X-ray beam



Image reconstruction: basic concept



Image acquisition: basic model

Budd, 2008



Image acquisition: basic maths

X-ray - moves along straight line
• at distance s - intensity I(s)
• X-ray travels 𝛿s - intensity reduced by 𝛿I

– reduction depends on intensity and optical density u(s) of the material
– for small 𝛿s:

Combining all of the contributions to the reduction in the intensity of an X-ray 
travelling along line L given by all of the parts of the body that it travels through -
attenuation (reduction in intensity) given by:

where

𝛿I / I(s) = - u(s) 𝛿s

L

line integral

Radon transform of function f (x,y)



The Radon Transform

Ber. Sächs. Akad. Wiss. Leipzig, Math. Phys. Kl. 69, 262 (1917)

English translation in: Deans, S.R. (1983) The Radon transform

and its applications. John Wiley & Sons, NY)



Radon transform



Radon transform

Radon transform of function u(x,y)

s = arc length

𝛿(x,y) = Dirac Delta function
u



The Radon Transform

Basis images?



Radon transform: properties

Let  Rg =

1. Linearity:

1. Shifting:

Toft 1996



Radon transform: properties

3.    Rotation:

4.    Convolution

Radon transform of a 2D 

convolution is a 1D 

convolution of the Radon 

transformed functions with 

respect to 𝜌



Radon Transform: Point source



Radon Transform: Sinogram



Radon Transform: Sinogram



Radon Transform: Sinogram



Radon Transform: Sinogram



Radon Transform: Sinogram



Radon Transform: Sinogram



Question:

Can we find the function u(x,y) if we 
know the function R(𝜌,𝜃)?



The Radon Transform

Ber. Sächs. Akad. Wiss. Leipzig, Math. Phys. Kl. 69, 262 (1917)

English translation in: Deans, S.R. (1983) The Radon transform

and its applications. John Wiley & Sons, NY)



Image reconstruction: Algebraic 
formulation

Methods:
• Algebraic Reconstruction Technique (ART), Simultaneous Iterative Reconstruction Techniques (SIRT), or 

Simultaneous Algebraic Reconstruction Technique (SART), direct methods etc.

system of 
normal 
equations

K = tomography matrix

Tomography system through the lense of linear algebra:
● Assumption - attenuation of material within each pixel constant and proportional to the area of the pixel 

illuminated by the beam

tomography matrix
K = {kij}

k

K

f = BW plane/volumetric image to be retrieved (reshaped into a vector)
g = attenuation measurements from the CT system



Image reconstruction: Algebraic 
formulation

Overdetermined non-square matrix K

Transform into a system of normal equations

Ill-posed problem:
Hadamard - solution does not exist, is not unique or not continuously dependent on data

Methods:
Large systems need to be solved iteratively:
• Algebraic Reconstruction technique (ART), Simultaneous Iterative Reconstruction 

Techniques (SIRT), Simultaneous Algebraic Reconstruction Technique(SART)
• direct methods - Tikhonov regularisation, SVD etc.

KTK f = KTg



Image reconstruction: 
Backprojection

Single linear projection



Image reconstruction: 
Backprojection

Two linear projections



Image reconstruction: 
Backprojection

Multiple linear projections



Backprojection of point



Fourier / Central Slice Theorem

• Facilitates inversion of Radon transform

G = 1D Fourier transform 
of the attenuation 
measurements g = Rf
[keep 𝜃 fixed] F = 2D Fourier transform 

of the object slice f(x,y)
evaluated at a particular 
point

0 0 0



The Fourier Slice Theorem



Fourier Slice Theorem



Fourier slice theorem: What does the DFT image represent?



Fourier slice theorem: What does the DFT image 

represent?



Fourier slice theorem: What does the DFT image represent?



Fourier slice theorem



Tomographic reconstruction: 
concept



Filtered backprojection algorithm





Perform for all projections - over all 
projection angles 𝜃:

● Measure projection 
(attenuation) data

● 1D FT of projection data
● Make 2D inverse FT and sum 

with previous image(i.e. 
backpropagate)

Fourier Slice Theorem: 
Backprojection

In practice - issues:

● requires many precise attenuation 
measurements

● sensitive to noise
● unstable & hard to implement 

accurately
● blurring in the final image



Perform for all projections - over all projection 
angles 𝜃:

● Measure projection (attenuation) data
● 1D FT of projection data
● Apply high-pass filter in Fourier domain
● Make 2D inverse FT and sum with previous 

image (i.e. backproject)

Fourier Slice Theorem:
Filtered Backprojection



Tomographic reconstruction

backprojection filtered backprojection

Medical Physics and Biomedical Engineering, Brown et al., IoP Publishing



Tomographic reconstruction

Filtering can be implemented as a 
physical filter on the CT scanner itself -
low energy X-rays removed:

original attenuation 
profile

filtered attenuation 
profile

Backpropagation results:



Tomographic reconstruction



Tomographic reconstruction



Medical applications: CT scanner



Tomography in material sciences



Tomography in everyday life

• Airport security – 3D Computed Tomography





Tomography in biology

High-Resolution X-ray Computed Tomography
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